

















































Quasi Frobenius Lie algebras construction of N=4 superconformal eld theories.
S. E. Parkhomenko
y
Landau Institute for Theoretical Physics
142432 Chernogolovka,Russia
Abstract
Manin triples construction of N=4 superconformal eld theories is considered. The
correspondence between quasi Frobenius nite-dimensional Lie algebras and N=4 Virasoro
superalgebras is established.
Introduction.
In connection with numerous string applications extended superconformal eld the-
ories (SCFT's) in two dimensions have became increasingly important over the past few
years. It is know that a large class of extended SCFT's is obtainable from Kazama-Suzuki
models [1], that is, the supercoset constructions assochiated with compact Kahler ho-
mogeneous spaces G=H. In [2-3] WZNW models were studed, which allow for extended
supersymmetry and conditions were formulated that the Lie group must satisfy so that its
WZNW model would have extended supersymmetry. In particular, in [3] a correspondence
was established between N = 2; 4 SCFT's and nite-dimensional Manin triples. From the
point of view accepted in [3] Kazama-Suzuki models are particular cases of Manin triple
construction of extended SCFT. Indeed they correspond to Manin triples associated with
any simple Lie algebra and its parabolic subalgebra. It is intresting to note that there
is a similar construction of N = 3=2 SCFT based on nite-dimensional Manin pairs [4].
In this paper the conditions under which N = 2 SCFT admit N = 4 supersymmetric
extensions will be investigated from more general positions than it was done in [2-3]. The
paper is arranged as follows. In Section 2 we breay review the Manin triples construction




associated with any nite-dimensional Manin triple possess N = 4 Virasoro superalgebra
of symmetries. We will see that it is possible to construct generators of N = 4 Virasoro
superalgebra if the isotropic subalgebras of Manin triple are quasi Frobenius Lie algebras.
Moreover if they are Frobenius then it is possible to construct generators of two dierent
N = 4 Virasoro superalgebras. This case corresponds to the "big" N = 4 Virasoro super-
algebra constructed in [2] and investigated in [7-9]. In section 4 we give some examples of
our construction.
2. N=2 SCFT and nite-dimensional Manin triples.
We begin with the denition of Manin triple [5]




) consists of a Lie algebra g, with nonde-
generate invariant inner product (; ) and isotropic Lie subalgebras g
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g- basis in g
 
. The brakets and Jacoby


















































































































































































































































































































































































































































DEFINITION 2.3. Let g be the Lie algebra with nondegenerate invariant inner prod-
uct (; ) and R- complex structure on vector space g skew- symmetric relative to (; ). R is
complex stucture on Lie algebra g ifR satises the modied classical Yang-Baxter equation:
[Rx;Ry]  R[Rx; y]  R[x;Ry] = [x; y] (2:11)
It is not dicult to establish the correspondence between complex Manin triples and





there is canonic complex structure on Lie algebra such that subalgebras g

are {- eigen-
spaces of its. On the other hand, for any real Lie algebra g with nondegenerate invariant
inner product and skew- symmetric complex structure R on this algebra one can consider
the complexication g
C
of g. Let g











be the complex Manin triple. Hence we can use formulas (2.9) to build up generators of
N = 2 Virasoro superalgebra.
In connection with the construction described above it is pertient to note the work
[13] where very similar construction was considered.
3. Quasi Frobenius Lie algebras and N=4 Virasoro superalgebras.
Now we will try to generalize Manin triples construction of N = SCFT for N = 4
SCFT. N = 4 Virasoro superalgebra have the following OPE




+ (z   w)
 2
2T (w) + (z   w)
 1




























































































































). From the formulas (3.1) we




generate N = 2 Virasoro superalgebra. With the arguments
of preceding section one can establish the existence of the complex structure R
1
on Lie




















































generate another N = 2 Virasoro superalgebra. Therefore we establish the existence of the
second complex stucture R
2
on the Lie algebra g. Using (3.1) once more it is not dicult
















also generate N = 2 Virasoro superalgebra. Hence with the arguments of preceding section
















Next, we intend to show that the existence of two skew- symmetric mutualy anticommuting




be the eigenspaces of the complex structure R
1
on complex Lie algebra g. Let







































































In the following we will denote r
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is 2-cocycle on g
 
. In




















































































































































































































are 1-cocycles on subalgebras
g

































































































































































































































































































































































































































































































































































































We are going to show that
W = 0 (3:17)




























































































In view of (3.9), (3.10) the constants h
s
qn
determine another Lie structure on vector space
g
 
. From (3.19) we can see that (3.17) is the condition this new Lie- structure is compatible
with the old Lie- structure on g
 









































































Now (3.17) follows from the last equation out of (2.2). With help of (3.10) and (2.6) U


































































































































































































Therefore the rst term from this expression is equal to
1
2
































































































































































































































































































































































































































































































































































































The right hand side of (3.36) is coboundary of 1-cochain r  f
 





From the other hand the cochain r  f
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Therefore equation (3.34) is the consequence of nilpotency condition for the coboundary




is coboundary of r it denes bialgebra- structure
on g
 































































































































































Finaly for P we obtain





































































we will obtain (3.14b)










tical with that just we have done.
The proof is completed.
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(w)  0 (3:45b)
Therefore there is two possibilities to construct generators of N = 4 Virasoro superalgebra.
We will investigate each possibility.





























































































































































































































































































































































































































































, but the result


















































Taking into account (3.49) it is not dicult to show that currents (3.55) are dimension one





gives us the same























. The following lemma
sums up our investigation of CASE (3.45a)



































































































































generate N = 4 Virasoro superalgebra with central charge







































































































































































The rst and third equations of this system have the solutions if nondegenerate 2-cocycles
r; r
 1






































































































































































































































































































































Summing up the investigation of CASE (3.45b) we can get the following

































































































































































































































































































































Now we are in a position to formulate the conditions such that N=2 SCFT associated
with any nite- dimensional Manin triple possess N = 4 Virasoro superalgebra of symme-
tries. To do it let us introduce Drinfeld's denition of quasi Frobenius and Frobenius Lie
algebras:
DEFINITION 3.4. [6] Finite- dimensional Lie algebra is called quasi Frobenius Lie
algebra if it endowed with nondegenerate 2-cocycle. If its cocycle is coboundary then it is
called Frobenius Lie algebra.
Due to this denition we will call quasi Frobenius Manin triple a Manin triple with
quasi Frobenius isotropic subalgebras such that the corresponding nondegenerate 2-cocyc-
les are mutualy inverse. If they are coboundary cocycles we will call this Manin triple
Frobenius Manin triple.
As a consequence of lemmas 3.2, 3.3 we can get
PROPOSITION 3.5 Any N = 2 SCFT associated with quasi Frobenius Manin triple
admits N = 4 extention by the formulas (3.59)- (3.62). If a Manin triple is Frobenius
Manin triple then N = 2 SCFT admits two N = 4 extentions by the formulas (3.59)-
(3.62) and (3.70)- (3.74).
Let us make contact with paper [3] where "big" N = 4 Virasoro superalgebra was con-

















converts "big" N = 4 Virasoro superalgebra into usual N = 4 Virasoro superalgebra with
generators (3.70)-(3.74). The modication
T (z) !
^














converts "big" N = 4 Virasoro superalgebra into usual N = 4 Virasoro superalgebra with
generators (3.59)- (3.62). Therefore construction of "big" N = 4 Virasoro superalgebra is
possible only for the Frobenius Manin triple.
4. Examples.
EXAMPLE 1. The rst example of the Manin triple bases on any simple Lie algebra













. Consider the Lie algebra









h] = 0 (4:2)





















= f(X;H) 2 pjX 2 b
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= f(X;H) 2 pjX 2 b
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. We will give the explicit N = 4 Virasoro superalgebra construction in the simplest
case
g = sl(2; C) (4:5)
In this case there is only one way to x nondegenerate 2- cocycles on isotropic subalgebras
p


















































































































































































































































































































































































































































This construction was used in [10] to prove N=4 Virasoro superalgebras determinant for-
mula [11-12].
EXAMPLE 2. Let g be simple even- dimensional Lie algebra. In this situation we can
represent its Cartan subalgebra h as the direct sum of subspaces isotropic with respect to




























are isotropic subalgebras of g. In this example
we give the explicit N=4 Virasoro superalgebra construction in the case:



































correspond to the negative roots of sl(3; C). We dene invariant inner product
(; ) on g by the formula
(x; y) = Tr(xy) (4:18)
, where x; y 2 g and are 33 matrixes. The basises in isotropic subalgebras p

constituting












































Next, one need to x nondegenerate 2-cocycles on isotropic subalgebras. By the direct
culculation one can nd that the skew- symmetric bilinear form r is cocycle on p
+
if the






















). Cocycle r is nondegenerate if r
03
is nonzero. From (4.21) it




















The same is true for nondegenerate 2- cocycles on subalgebra p
 
























which is invers to the 2- cocycle r on p
+
. Hence one may conclude the formulas (4.17)-
(4.24) dene Frobenius Manin triple and (3.63)-(3.66), (3.74)- (3.78) give us two N=4
Virasoro superalgebras.
EXAMPLE 3. We construct N=4 Virasoro superalgebra based on quasi Frobenius
Manin triple with 4-dimensional nilpotent isotropic subalgebras. Let g
+
be 4- dimensional





















(other brakets are equal to zero). By the direct calculations one obtain that the skew-




















From (4.26)- (4.28) it follows that if the equations (4.26), (4.27) are satised then g
+
will






Then the invers matrix r
 1




















































then the Lie algebra structure on g
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In view of one- to- one correspondence between Lie bialgebras and Manin triples [5] we






is also quasi Frobebius Lie algebra because
as it follows from (4.32) r
 1







such that preimage of the cocycle r is equal to r
 1
. Therefore we conclude that the
formulas (4.25)- (4.32) dene quasi Frobenius Manin triple, and formulas (3.59)- (3.62)
give us N=4 Virasoro superalgebra.
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